Abstract. We give a partial solution to a long-standing open problem in the theory of quantum groups, namely we prove that all finite-dimensional representations of a wide class of locally compact quantum groups factor through matrix quantum groups (Admissibility Conjecture for quantum group representations). We use this to study Kazhdan's Property (T) for quantum groups with non-trivial scaling group, strengthening and generalising some of the earlier results obtained by Fima, Kyed and So ltan, Chen and Ng, Daws, Skalski and Viselter, and Brannan and Kerr. Our main results are:
Introduction
Property (T) was introduced in the mid-1960s by Kazhdan, as a tool to demonstrate that a large class of lattices are finitely generated. The discovery of Property (T) was a cornerstone in group theory and the last decade saw its importance in many different subjects like ergodic theory, abstract harmonic analysis, operator algebras and some of the very recent topics like C*-tensor categories (see [8, 11, 37, 34] and references therein). In the late 1980s the subject of operator algebraic quantum groups gained prominence starting with the seminal work of Woronowicz [48] , followed by works of Baaj, Skandalis, Woronowicz, Van Daele, Kustermans, Vaes and others [3, 46, 47, 27, 31] . Quantum groups can be looked upon as noncommutative analogues of locally compact groups, so quite naturally the notion of Property (T) appeared also in that more general context. Property (T) was first studied within the framework of Kac algebras (a precursor to the theory of locally compact quantum groups) [35] , then for algebraic quantum groups [5] and discrete quantum groups [22, 29] , and more recently for locally compact quantum groups [10, 18, 9] .
By definition a locally compact group G has Property (T) if every unitary representation with approximately invariant vectors has in fact a non-zero invariant vector. This definition extends verbatim to locally compact quantum groups, using the natural extensions of the necessary terms. By a result of Fima, a discrete quantum group having Property (T) is necessarily a Kac algebra, which is equivalent to being unimodular in the case of discrete quantum groups, and is the dual of a compact matrix quantum group [22, Propositions 7 & 8] . This is a quantum generalisation of a result originally due to Kazhdan [8, Theorem 1.3.1 & Corollary 1.3.6]. In particular, while studying Property (T) for discrete quantum groups, one is lead to consider only unimodular discrete quantum groups. Since a discrete quantum group is unimodular if and only if it is of Kac type, unimodular discrete quantum groups have trivial scaling automorphism groups, and this is important in what follows.
Generalising to locally compact quantum groups, Brannan and Kerr proved that a second countable locally compact quantum group with Property (T) is necessarily unimodular [9, Theorem 6 .3] -a result for which we will also give a new and short proof without the second countability assumption. So again while studying Property (T) for quantum groups, one is lead to consider only unimodular quantum groups. However, a unimodular locally compact quantum group can have a non-trivial scaling automorphism group. Examples of such locally compact quantum groups are Drinfeld's quantum doubles of non-Kac-type compact quantum groups: see Section 4.2. A recent result of Arano (see [1, Theorem 7.5] ), which finds applications in the study of C*-tensor categories and subfactors [34, 37] , states that the Drinfeld's quantum double of the Woronowicz compact quantum group SU q (2n + 1) has Property (T). This produces a concrete example of a unimodular locally compact quantum group with non-trivial scaling automorphism group, which has Property (T).
In this paper, we study Property (T) and related problems, in particular on unimodular locally compact quantum groups with non-trivial scaling automorphism group. To enable this study, we prove the 'Admissibility Conjecture' for unimodular locally compact quantum groups, that is, we show that every finite-dimensional unitary representation of a unimodular locally compact quantum group is admissible. The Admissibility Conjecture is a long-standing open problem in the theory of quantum groups, which was implicitly stated in [39] and was conjectured in [15, Conjecture 7.2] . Admissibility of a finite-dimensional unitary representation of a quantum group means effectively that it 'factors' through a compact matrix quantum group.
Returning to locally compact groups, we note the following important characterisation of Property (T) by Bekka and Valette [7, Theorem 1] : a locally compact group G has Property (T) if and only if every unitary representation of G with approximately invariant vectors is not weakly mixing (i.e. admits a non-zero finite-dimensional subrepresentation). This characterisation turns out to be more useful from the application perspective than the definition itself, as has been elucidated in [9] . An important consequence of the Bekka-Valette theorem is the Kerr-Pichot theorem which states that if G does not have Property (T), then within the set of all unitary representations on a fixed separable Hilbert space, the weakly mixing ones form a dense G δ -set in the weak topology, strengthening an earlier result of Glasner and Weiss [23, Theorem 2 ′ ] concerning the density of ergodic representations. Another important result along characterising Property (T) is that G has Property (T) if and only if the trivial representation is isolated in the hull-kernel topology of the dual space G [44] . A theorem of Wang [44, Theorem 2.1] (see also [8, Theorem 1.2.5] ) extends this to all irreducible finitedimensional unitary representations of G i.e. G has Property (T) if and only if all irreducible finite-dimensional unitary representations of G are isolated in G. This in particular helps us better understand the structure of the full group C*-algebra C * u (G) and has other important applications [8, Chapter I] .
The first quantum version of Wang's characterisation of Property (T) was proven for discrete quantum groups (see [29, Remark 5.4] ). Under the additional hypothesis of having low duals, Bekka-Valette and Kerr-Pichot theorems were proven for unimodular discrete quantum groups [18, Theorem 7.3, 7.6 & 9.3] . Recall that for discrete quantum groups being unimodular is the same as being a Kac algebra and that Kac algebras form a class of locally compact quantum groups with trivial scaling group. The study of Property (T) on quantum groups progressed along these lines with the quantum versions of the theorems of Wang, Bekka-Valette and Kerr-Pichot generalised to quantum groups with trivial scaling groups in [10 Upon giving an affirmative answer to the Admissibility Conjecture for unimodular locally compact quantum groups (including those with non-trivial scaling groups), we proceed to prove a quantum version of Wang's theorem for them as well as generalised versions of BekkaValette and Kerr-Pichot theorems. In particular, we show that for unimodular quantum groups with non-trivial scaling automorphism group, the weakly mixing representations are dense in the set of representations on a separable Hilbert space if the quantum group does not have Property (T).
Notation and terminology
We collect a few facts from the theory of locally compact quantum groups, as developed in the papers [26, 27, 28] , and we refer the reader to [25] for a summary of the main results in the theory. We will take the viewpoint that whenever we consider a locally compact quantum group, the symbol G denotes the underlying 'locally compact quantum space' of the quantum group. From this viewpoint, for a locally compact quantum group G the corresponding C*-algebra of 'continuous functions on G vanishing at infinity' will be denoted by C 0 (G). It is equipped with a coassociative comultiplication ∆ :
) and left and right Haar weights φ and ψ [27, Definition 4.1] (where we use the notation that M (A) denotes the multiplier algebra of a C*-algebra A). An important aspect of the theory of locally compact quantum groups is a noncommutative Pontryagin duality theory, which in particular allows one to view both a locally compact group and its 'dual' as locally compact quantum groups [25, Subsection 6.2] , [27, Section 8] . The dual of G, which is again a locally compact quantum group, is denoted by G. (For example if G = G, a locally compact group, then C 0 ( G) = C * r (G), the reduced group C*-algebra of G.) As in the case of G, C 0 ( G) is equipped with a coassociative comultiplication ∆ :
) and left and right Haar weights φ and ψ. By the definition of the dual quantum group as given in [27, Definition 8 .1], we may think of both the C*-algebras C 0 (G) and C 0 ( G) as acting faithfully and non-degenerately on the Hilbert space L 2 (G) (obtained by applying the GNS construction to the left Haar weight φ). A locally compact quantum group is said to be compact if C 0 (G) is unital. Compact quantum groups themselves have a very nice theory [47, 30] .
The fundamental multiplicative unitary W ∈ M (C 0 (G) ⊗ C 0 ( G)) (called the Kac-Takesaki operator in the theory of Kac algebras [19] , a precursor to the theory of locally compact quantum groups) implements the comultiplications as follows: The von Neumann algebra generated by C 0 (G) (respectively, by
, respectively. The above formulas imply that both the maps ∆ and ∆ can be lifted to normal * -homomorphisms on L ∞ (G) and L ∞ ( G). The preadjoints of the normal maps ∆ and ∆ equip L 1 (G) and L 1 ( G) with the structure of a completely contractive Banach algebra. The universal C*-algebra C u 0 (G) associated with G is the universal C*-envelope of a distinguished Banach * -algebra
* is a completely contractive Banach algebra with respect to the convolution product
As 
It is characterised by the following universal property: there is a one-to-one correspondence between
There are two important maps associated with a locally compact quantum group G related to the inverse operation of a group. The antipode S is a densely defined norm-closed map on C 0 (G) [27, Section 5] . It can be extended to a densely defined strictly closed map on M (C 0 (G)) [27, Remark 5.44] . The antipode has a universal counterpart S u which is a densely defined map on C u 0 (G) [26, Section 9] . The unitary antipode R :
The corresponding maps on the dual quantum group are denoted by S, S u , R and R u . It is worthwhile to note that if G is a Kac algebra, then S = R and S u = R u . In general, the antipode has a polar decomposition S = R • τ −i/2 where τ i/2 is defined by an analytic extension of the scaling automorphism group (τ t ) t∈R , where each τ t : C 0 (G) → C 0 (G) is a * -automorphism. The scaling group is implemented by the modular operator ∇ of the dual left Haar weight. (If G is a Kac algebra, ∇ is affiliated to the center of L ∞ (G) and consequently τ t = ι for every t ∈ R.) The scaling group of the dual quantum group G is denoted by τ . The scaling groups have their universal counterparts on the C*-algebras C u 0 (G) and C u 0 ( G) and these are denoted by τ u and τ u , respectively (see [26, Definition 4.1] ). The universal antipode has a similar decomposition S u = R u • τ u −i/2 . The modular automorphism group associated to the left Haar weight φ on G is denoted by (σ t ) t∈R , and its universal counterpart by (σ u t ) t∈R . As shown in [26, Proposition 6.3] there exist counits ǫ u : C u 0 (G) → C and ǫ u : C u 0 ( G) → C, which are * -homomorphisms satisfying
A representation of a locally compact quantum group G on a Hilbert space H is an invertible
We are mostly interested in unitary representations in which case U is further a unitary. Note
implies that
, and the claim follows.
where R is the unitary antipode, ⊤(x)ξ = x * ξ for x ∈ B(H) and ξ ∈ H and H is the dual Hilbert space of H.
As noted above, every unitary representation U of G is associated with a representation π of the C*-algebra C u 0 ( G) via U = (ι ⊗ π) W , and vice versa. In particular, the trivial representation is associated with the counit ǫ u . If π U and π V are the representations of C u 0 ( G) associated with U and V , respectively, then the representation (
A characterisation of admissible finite-dimensional unitary representations
Let U ∈ M (C 0 (G) ⊗ M n (C)) be a finite-dimensional unitary representation of a locally compact quantum group G. Choosing the standard basis for C n we write U = (U ij ) n i,j=1 , where U ij ∈ M (C 0 (G)) for i, j = 1, 2, . . . , n are the matrix coefficients of U , and we have
Admissible finite-dimensional representations of locally compact quantum groups first appeared in the work of So ltan [39] , who introduced the quantum Bohr compactification of a locally compact quantum group. Daws [15] studied further the quantum Bohr compactification as well as questions related to admissibility. It was conjectured (see [15, Conjecture 7.2] ) that every finite-dimensional unitary representation of a locally compact quantum group is admissible. Note that this conjecture is already false if we replace quantum group by quantum semigroup: a counterexample due to Woronowicz is given in [45, Example 4.1] .
From the results in [49] it follows that if
is an admissible finitedimensional unitary representation, then the C*-algebra generated by the matrix coefficients of U in M (C 0 (G)) gives rise to a compact matrix quantum group. It follows that a finitedimensional unitary representation of a locally compact quantum group is admissible if and only if it factors, in this sense, through a compact quantum group (as finite-dimensional representations of compact quantum groups are admissible). It is worthwhile to note that the use of C 0 (G) above is purely a matter of convenience: we can do similar considerations for C u 0 (G) as well.
The linear span of all matrix coefficients of admissible unitary representations of G is denoted by AP(G). Note that AP(G) is a Hopf * -algebra. Its norm closure in M (C 0 (G)) is denoted by AP(G). It may be that AP(G) is not the universal C*-completion of AP(G).
The compact quantum group associated with AP(G) is the quantum Bohr compactification of G and is denoted by bG. See [39, 15] for more details.
Next we characterise the admissibility of a finite-dimensional unitary representation in terms of the scaling group.
Then the following statements are equivalent:
The vector space L U is invariant under the scaling group (τ t ).
(iii) There exists a strongly continuous one-parameter automorphism group [32, Corollary 4.3] ). Since bG is a discrete quantum group, we can drop u from the notation and write c 0 ( bG) for notational convenience.
Let
There is an unbounded strictly positive operator K affiliated to the von Neumann algebra ℓ ∞ ( bG) such that K implements the scaling group (τ ′ t ) of bG in the sense that τ ′ t (x) = K −2it xK 2it for every x ∈ ℓ ∞ ( bG) and t ∈ R [13, Proposition 4.3] . Note that K 2it ∈ ℓ ∞ ( bG) for all t ∈ R.
Now for x ∈ C u 0 ( G) and t ∈ R,
since Θ intertwines the scaling groups as a morphism of quantum groups (by [26, Remark 12.1] ). Continuing the calculation, we have
It follows that L U is invariant under the scaling group (τ t ) (ii) =⇒ (i): Let τ z denote the analytic extension of (τ t ) t∈R at z ∈ C in the σ-weak topology on L ∞ (G). For x ∈ L U define in a standard way the smear of x
where the integral converges in the σ-weak topology. Each x n is analytic for (τ t ). As L U is invariant under the scaling group and is finite-dimensional, it follows that
, due to the polar decomposition of S −1 . It then follows that U * ij ∈ D(S) for all i, j = 1, 2, . . . , n. By [15, Proposition 3.11], U is admissible. Remark 3.3. It follows from Proposition 3.2 that for quantum groups with trivial scaling automorphism group, all finite-dimensional unitary representations are admissible. In particular the Admissibility Conjecture holds for Kac algebras, as also noted in [15] .
Remark 3.4. For a general locally compact quantum group, it follows that admissible representations of G correspond to those finite-dimensional representations of C u 0 ( G) which are covariant with respect to the scaling action of R on C u 0 ( G).
Then U is a corepresentation of the compact quantum group AP (G). As the inclusion AP (G) → M (C 0 (G)) intertwines R, we see that U c may also be considered as a corepresentation of the compact quantum group AP (G). Combining [33, Definition 1.3.8, Definition 1.4.5 and equation (1.7.1)] we can conclude that U = (U * ij ) n i,j=1 is equivalent to U c , as corepresentations of AP (G), and hence also of C 0 (G) (it is worthwhile to point out that in [33] , U c and U are what we call U and U c respectively in this article).
Examples of locally compact quantum groups with admissible representations
It is an open question whether all finite-dimensional unitary representations of a locally compact quantum group are admissible. In this subsection we give examples of locally compact quantum groups for which the Admissibility Conjecture is true.
4.1. Quantum groups arising from a bicrossed product construction. We recall some facts about the bicrossed product construction of a matched pair of quantum groups and refer to [42] for details. Define a normal * -homomorphism τ as follows:
where we have identified
Then the map τ is a matching between the locally compact quantum groups G and R with trivial cocycles (U = 1 and 
and
Consider the crossed products
It follows from the discussion in [42, Subsection 2.2] that M is a locally compact quantum group in the reduced form and M is the reduced dual. Note that since the left action
Denote the quantum group underlying M by G ⋊ β R. The left multiplicative unitary of
where the leg numbering refers to the underlying Hilbert space L 2 (G)⊗L 2 (R)⊗L 2 (G)⊗L 2 (R) (see [4, p. 141] ). It follows from the above formula that
Denote the comultiplication of G ⋉ α R by ∆. We recall the following formula from [4, p. 141 
where the leg numbering is done with respect to the Hilbert space
. Applying the definition of α, we obtain
where χ :
where 
To this end, we need to check that both sides of the preceding equation define corepresentations of C u 0 (G).
where χ is the appropriate flip map. It follows that the right-hand side of (3) is a corepresentation, and the left-hand side clearly is as well. 
Applying the fact that
, it follows that the above equation can be reduced to:
be the non-degenerate C*-representation associated with z, so that we have (ι ⊗ π)( W G ) = z. Then it is easy to check that
) permutes the coordinates according to the permutation (1 5 4 3 2) .
Then, applying (3) and (4), we get
is the usual flip (we are also using the fact that
Letting y t := y(t) ∈ B(H) for t ∈ R, it follows from the above equation that
is a covariant C*-representation and hence lifts to a representation π of the crossed product C*-algebra
The above argument shows that X = (ι ⊗ π)( W), so that W is a maximal corepresentation of (C 0 (G ⋉ α R), ∆) in the sense of [40, Definition 23] . Therefore, the right leg of W generates the universal C*-algebra C u 0 (G ⋊ β R), but this is precisely C u 0 (G) ⋊ β u R, which is what we wanted to prove.
In our case, α being trivial, the left Haar weight of G ⋉ α R is φ ⊗ ψ where φ is the left Haar weight of G and ψ the Haar weight of R (see [4, p. 141] ). Hence, the modular operator of the left Haar weight of G ⋉ α R is ∇ ⊗ I L 2 (R) , where ∇ is the modular operator of the left Haar weight of φ. It follows that the scaling group of G ⋊ β R is given by τ t = τ t ⊗ ι B(L 2 (R)) , t ∈ R, and so the scaling group on
By the general theory of crossed products, the covariant representations of C u 0 (G) with respect to (τ u t ) correspond to the non-degenerate representations of C u 0 (G) ⋊ β u R (note that R is amenable so the reduced and the full crossed products coincide). Now suppose that ρ is a non-degenerate representation of C u 0 (G) ⋊ β u R. Then π := ρ • β u is a covariant representation of C u 0 (G) and the associated one-parameter unitary group is given by U t = ρ(1 ⊗ λ t ) where λ t ∈ M (C * (R)) is the left translation by t ∈ R.
It is easy to see that τ u t • β u = β u • τ u t for all t ∈ R. Now for every f ∈ C c (R) (the space of compactly supported continuous functions on R) and x ∈ C u 0 (G), we have
The norm-density of elements of the form
In particular, it follows from Proposition 3.2, that all finite-dimensional unitary representation of the quantum group G ⋉ α R = G ⋊ β R are admissible. We summarise these observations in the following theorem. 
the associated left and right actions defined by the formulas
Let G ⋉ α R be the the quantum group arising from the action α through the bicrossed product construction. Then all finite-dimensional unitary representations of G ⋉ α R are admissible.
Unimodular quantum groups.
A locally compact quantum group is unimodular if its left and right Haar weights coincide. The following theorem states that all unimodular quantum groups satisfy the Admissibility Conjecture.
Theorem 4.3. Suppose that G is a unimodular locally compact quantum group. Then all finite-dimensional unitary representations of G are admissible.
Proof. Let U ∈ M (C 0 (G) ⊗ M n (C)) be a finite-dimensional unitary representation, and let V ∈ M (C u 0 (G) ⊗ M n (C)) be the unique lift of U to the universal level. Write V = (V ij ), where V ij are the matrix coefficients of V , and let
Since G is unimodular, the universal modular automorphism groups of the right and left invariant weights are the same. It then follows from [26, Proposition 9.2] that
• ∆ u for every t ∈ R. Applying these to the matrix coefficient of V , we obtain
Then applying the counit of C u 0 (G) to the above identities, it follows that τ u [26, Section 4] ). Write U = (U ij ), and note that
A class of examples of unimodular quantum groups with non-trivial scaling groups is given by Drinfeld's quantum doubles. Given a matched pair of locally compact quantum groups G and H, the von Neumann algebra L ∞ (G)⊗L ∞ (H) can be given the structure of a locally compact quantum group, called the double crossed product of G and
is given by m(X) = W G op XW * G op , where W G op is the left multiplicative unitary of the opposite quantum group G op obtained from G. The resulting double crossed product quantum group is precisely Drinfeld's quantum double, as has been shown in [4, Section 8] . Moreover, by [4, Proposition 8.1], Drinfeld's quantum doubles are always unimodular. It also follows from [4, Theorem 5.3] that if G has non-trivial scaling group, then the double crossed product has non-trivial scaling group as well. Thus Drinfeld's quantum double construction produces concrete examples of unimodular locally compact quantum groups with non-trivial scaling group, and by Theorem 4.3 the Admissibility Conjecture is true for such quantum groups.
Characterisation of Kazhdan's Property T for locally compact quantum groups
Let A be a C*-algebra and let π : A → B(H π ) and ρ : A → B(H ρ ) be two non-degenerate representations. The representation π is said to be equivalent to ρ if there exists a unitary U : H π → H ρ such that U * ρ(x)U = π(x) for every x ∈ A. If U is only an isometry, then we will say that π is contained in ρ and write π ⊂ ρ (in other words, π is a subrepresentation of ρ). Now let S be a set of representations of A. We say that the representation π is weakly contained in S and write π ≺ S if ρ∈S Ker ρ ⊂ Ker π. We will adopt the convention that whenever π ≺ {ρ} we will simply write π ≺ ρ.
Let A denote the set of inequivalent irreducible representations of A. The closure of S ⊂ A is defined as S = { π ∈ A : π ≺ S }.
From [21, Lemma 1.6] it follows that the above closure defines a topology on A, which is referred to as the Fell topology on A (in [21] this was called the hull-kernel topology on A).
The following result from [10, Lemma 2.1] is crucial in the sequel.
Proposition 5.1. Let A be a C*-algebra. If ρ ∈ A is finite-dimensional, then {ρ} is a closed subset of A. Moreover, the following statements are equivalent for ρ ∈ A: The following definition is a natural extension of containment to the setting of unitary representations of locally compact quantum groups (see [16, Definition 3.2] ).
be two unitary representations of a locally compact quantum group G, and let π U :
we say U is weakly contained in V and write U ≺ V . If π U ⊂ π V , we say that U is contained in V (or that U is a subrepresentation of V ) and write U ⊂ V .
We next recall the definitions of invariant and almost invariant vectors for quantum group representations (see [16, Definition 3.2] ).
Note that if U and V are similar representations of a locally compact quantum group G, then U has an invariant vector if and only if V has. The analogous statement holds for almost invariant vectors.
We will need invariant means in the following arguments, so next we set up the necessary terminology for those. Definition 5.6. The (reduced) Fourier-Stieltjes algebra of G is defined by
Then the Eberlein algebra of G is defined by
Note that B(G) ⊂ M (C 0 (G)) and that B(G) is a subalgebra of M (C 0 (G)). It then follows that E(G) is a closed subalgebra of M (C 0 (G) ). When G is of Kac type, E(G) is self-adjoint and so a C*-subalgebra of M (C 0 (G)) (see for example [14, Section 7] ).
The Banach algebra L 1 (G) acts on its dual L ∞ (G) by
It is easy to see that E(G) is invariant under these actions. This allows us to define the notion of an invariant mean on E(G). It follows from [18, Proposition 3.15 ] that E(G) admits an invariant mean µ ∈ E(G) * in the sense that µ = µ(1) = 1 and
Note that the Hopf * -algebra AP(G) underlying the quantum Bohr compactification is contained in B(G), and therefore AP(G) ⊂ E(G). The uniqueness of the Haar state of a compact quantum group implies the following result. Lemma 5.8. Let X ∈ B(L 2 (G))⊗B(H) for some Hilbert space H, and suppose that (ι ⊗ ω)(X) ∈ E(G) for all ω ∈ B(H) * . Let ν ∈ E(G) * . Then there exists an operator T ∈ B(H) such that for all ω ∈ B(H) * T, ω = ν, (ι ⊗ ω)(X) . We will be denoting this operator by (ν ⊗ ι)(X), so that
Proof. The map ω → ν, (ι ⊗ ω)(X) : B(H) * → C defines a bounded functional on B(H) * , which gives the existence of the operator T ∈ B(H).
The next result gives a formula for the orthogonal projection onto the set of invariant vectors for a unitary corepresentation of C 0 (G) (also see [18, Proposition 3.14] ).
Lemma 5.9. Let V ∈ M (C 0 (G) ⊗ K(H)) be a unitary representation of G and let µ ∈ E(G) * be the invariant mean on E(G). The operator P = (µ ⊗ ι)(V ) ∈ B(H) is a projection onto the subspace of invariant vectors for V .
Proof. Due to the subtle definition of (µ ⊗ ι)(V ), we include a careful calculation of the fact that the image of P consists of invariant vectors. Given σ ∈ L 1 (G) and ω ∈ B(H) * , we have
due to the commutation relation in Lemma 5.8. Continuing from here using the fact that V is a representation, we have
due to the invariance of µ. It follows that the image of P consists of invariant vectors. That P is an idempotent map is also easy to compute. Notice that P ≤ 1, because µ = 1, from which it follows that P is the orthogonal projection onto the subspace of invariant vectors.
The following result from [16, Corollary 2.5 and Corollary 2.8] gives a nice criterion for the existence of invariant and almost invariant vectors. Denote the trivial representation of G by 1. 
for some C*-algebra B and n ∈ N 0 .
We will prove that for a locally compact quantum group with non-trivial scaling group, (T5) as well as a suitable generalisation of (T6) are equivalent with (T1)-(T4).
We first make two observations, which will be used later (also see [43, Proposition 3. 14 & Proposition 3.15]).
. Let µ be the invariant mean on E(G). We will show that (µ ⊗ ι)(V ) = 0, where we are using the notation of Lemma 5.8. Towards a contradiction, suppose that (µ ⊗ ι)(V ) = 0, so that for all ν ∈ (M n (C) ⊗ M n (C)) * we have µ((ι ⊗ ν)(V )) = 0. Choosing ν such that (ι ⊗ ν)(V ) = U * ij U ij leads to µ(U * ij U ij ) = 0 for all i, j = 1, 2, . . . , n. Therefore,
which cannot happen as µ(1) = 1.
By Lemma 5.9, any vector in the image of (µ ⊗ ι)(V ) is an invariant vector for V . Since U is similar to U c (as U is admissible, Remark 3.5), the representation V is similar to U c ⊤ U and the result follows from Proposition 5.10-(i).
The following result may be considered as an extension of [10, Proposition 3.5] (see also [8, Proposition A.1.12] and [29, Theorem 2.6]). (ii) =⇒ (i): Let µ denote the invariant mean on E(G). Let x ∈ B(H, C n ) and y = (µ ⊗ ι)(U * (1 ⊗ x)V ) so that y ∈ B(H, C n ). Now
due to the invariance of µ (see the proof of Lemma 5.9 for making the above calculation more rigorous). Since U is unitary, we have
Next we show that for some x, the resulting y is nonzero, It follows from the hypothesis, via Proposition 5.10-(i), that U ⊤ V has an invariant vector ζ ∈ C n ⊗ H, and so
For ξ ∈ H and α ∈ C n , let x = θ α,ξ ∈ B(H, C n ) be defined by θ α,ξ (η) = η, ξ α for η ∈ H. If y = (µ ⊗ ι)(U * (1 ⊗ θ α,ξ )V ) = 0 for every ξ ∈ H and α ∈ C n , then for every α, β ∈ C n and ξ, η ∈ H, we have
Therefore (µ ⊗ ι)(U ⊤ V ) = 0, and so by equation (5) 
Consequently, y = 0 for some ξ ∈ H, α ∈ C n .
To finish the proof we may argue as in the last part of the proof of [29, Theorem 2.6] .
We now prove a generalisation of conditions (T5) and (T6) in Theorem 5.12. 
There is a finite-dimensional irreducible C*-representation of C u 0 ( G) which is covariant with respect to the scaling automorphism group ( τ u t ) and is an isolated point in
for some C*-algebra B and some n ∈ N 0 with τ u t (B) ⊂ B for all t ∈ R.
Proof. The proof is based on the same idea as the proof of [10, Theorem 3.6] .
(T5) =⇒ (T6 ′ ) because covariant irreducible finite-dimensional representations always exist: the counit.
(T6 ′ ) =⇒ (T6): Let π be a finite-dimensional irreducible representation of C u 0 ( G) which is covariant with respect to the scaling automorphism group. By the equivalence of (i) and (iii) in Proposition 5.1, C u 0 ( G) ∼ = ker π ⊕ M n (C) for some n ∈ N 0 . Since π is covariant, we have τ u t (ker(π)) ⊂ ker π for all t ∈ R, and so (T6) holds. It remains to prove that (T1) of Theorem 5.12 implies (T5) and that (T6) implies (T2) of Theorem 5.12. The result will then follow from the equivalence of (T1) and (T2) of Theorem 5.12.
(T1) =⇒ (T5): To prove (T5), it is enough to show that (ii) in Proposition 5.1 holds for every irreducible finite-dimensional representation ρ of C u 0 ( G). To this end, let π be a representation of
Since G has Property (T), it is unimodular by Theorem 6.1, and so G satisfies the Admissibility Conjecture by Theorem 4.3. Hence U is an irreducible finite-dimensional admissible unitary representation of G and U ≺ V . Now by Lemma 5.13 we have that 1 ⊂ U c ⊤ U and also U c ⊤ U ≺ U c ⊤ V by Remark 5.4. Since G has Property (T) and 1 ≺ U c ⊤ V , it follows that 1 ⊂ U c ⊤ V . Thus by Theorem 5.14 there exists a finite-dimensional unitary representation W such that W ⊂ U and W ⊂ V . Since U is irreducible, this implies that W = U , and so ρ ⊂ π.
(T6) =⇒ (T2): Suppose that C u 0 ( G) ∼ = B ⊕ M n (C) and B in invariant under the scaling automorphism group. Let µ : C u 0 ( G) → M n (C) be the irreducible representation corresponding to the summand M n (C), and let U = (ι ⊗ µ)( W ) be the unitary representation of G associated with µ. Since ker(µ) ∼ = B and τ u t (B) ⊂ B for all t ∈ R, it follows that µ is covariant with respect to the scaling automorphism group of C u 0 ( G). Hence U is admissible by Proposition 3.2. The representation π of C u 0 ( G) associated to U c ⊤ U is finite-dimensional and covariant with respect to scaling automorphism of C u 0 ( G) by Proposition 3.2 since U c ⊤ U is admissible. Therefore, π decomposes into a direct sum of finitely many covariant irreducible representations. Since 1 ⊂ U c ⊤ U by Lemma 5.13, one of the irreducible components is ǫ u . Therefore π = m k=0 π k , where π 0 = ǫ u and π k is an irreducible finite-dimensional covariant representation for each k = 1, 2, . . . , m. By Proposition 5.1, each singleton set {π k } is closed in the Fell topology. Towards a contradiction, let us assume that ǫ u is not an isolated point. So there is a net
. . , π m } such that (ρ α ) α∈Λ converges in the Fell topology to ǫ u . By the definition of closure in the Fell topology, this implies that ǫ u ≺ α∈Λ ρ α , and so
where χ is the flip map. Since µ satisfies condition (iii) in Proposition 5.1 (by definition), it follows by condition (ii) in Proposition 5.1 that
By irreducibility of µ we have µ ⊂ (µ ⊗ ρ α )•χ • ∆ u for some α ∈ Λ. Letting U α = (ι⊗ ρ α )( W), this means that U ⊂ U ⊤ U α . Combining this with Lemma 5.13 it follows that
Since (U c ⊤ U ) c is equivalent to U c ⊤ U (recall that U is admissible, Remark 3.5), it follows that
An application of Theorem 5.14 now yields a finite-dimensional unitary representation W such that W ⊂ m k=0 (ι ⊗ π k )( W) and W ⊂ U α . Since U α is irreducible, we have W = U α . On the other hand, π k is irreducible for k = 0, 1, 2, . . . , m, and so U α = (ι ⊗ π k 0 )( W) for some k 0 ∈ {0, 1, 2, . . . , m}. This means that ρ α = π k 0 which is a contradiction. Thus ǫ u must be an isolated point.
Properties of quantum groups with Property (T)
In this section we prove several properties shared by quantum groups with Property (T). We include a very short proof of the fact that a quantum group with Property (T) is unimodular (see [9, Section 6] and [22, Proposition 7] ). We consider unimodular locally compact quantum groups as well as quantum groups arising through the bicrossed product construction as discussed in Subsection 4. [18, Theorem 5.7] . Using this, it seems plausible that one can prove that Property (T) for quantum groups implies unimodularity similarly to the classical case. However, the proofs in the case of quantum groups have proceeded differently.
To the best of our knowledge, the first result in this direction for quantum groups was proven for discrete quantum groups [22, Proposition 7] . This was subsequently generalised to second countable locally compact quantum groups [9, Section 6] . The proof in the case of a locally compact quantum group, as given in [9] , proceeds via showing that non-unimodular locally compact quantum groups always admit a weakly mixing representation that weakly contains the trivial representation, as a consequence the quantum group cannot have Property (T).
We give a very short proof of the fact that Property (T) implies unimodularity, using a completely different technique, which does not require the second countability assumption.
Theorem 6.1. Let G be a locally compact quantum group with Property (T). Then G is unimodular.
Proof. Let δ denote the modular element of G, so that δ is a strictly positive element affiliated to C 0 (G) [27, Definition 7.11] . By [27, Proposition 7.12 ], for all s, t ∈ R, (i) ∆(δ is ) = δ is ⊗ δ is , (ii) τ t (δ is ) = δ is .
Note that δ 0 = 1 is the trivial representation of G. Relation (i) implies that for all s ∈ R, δ is is a 1-dimensional unitary representation of G, so there exists C*-representations π s : C u 0 ( G) → C such that (ι ⊗ π s )( W) = δ is . For all ω ∈ B(L 2 (G)) * , it follows that lim s→0 π s ((ω ⊗ ι)( W)) = lim s→0 ω(δ is ) = ω(1) = ǫ u ((ω ⊗ ι)( W)), where ǫ u is the counit of C u 0 ( G). Since the family {π s } s∈R is uniformly bounded and the elements of the form (ω ⊗ ι)( W) for ω ∈ B(L 2 (G)) * are norm-dense in C u 0 ( G) [26, Equation (5.2)], it follows that lim s→0 π s (x) = ǫ u (x) for all x ∈ C u 0 ( G). By [26, Proposition 9.1], (τ t ⊗ ι)( W ) = (ι ⊗ τ u −t ) W for all t ∈ R, where ( τ u t ) t∈R is the universal scaling group of G. It then follows by relation (ii) above that π t ( τ u s (x)) = π t (x) for all s, t ∈ R and x ∈ C u 0 ( G), so that for each t ∈ R, π t : C u 0 ( G) → C is covariant in the sense of Remark 3.4. Since G has Property (T) by hypothesis, ǫ u is isolated in C u 0 ( G). Since lim t→0 π t (x) = ǫ u (x) for all x ∈ C u 0 ( G), it follows that the net (π t ) t∈R converges to ǫ u in the Fell topology of C u 0 ( G). As ǫ u is isolated, we must have π t = ǫ u for all t ∈ R with |t| sufficiently small, that is, δ it = 1 for all t ∈ R with |t| sufficiently small. It follows that in fact δ it = 1 for all t ∈ R, and so that δ = 1, as required. (T6 ′ ) There is a finite-dimensional irreducible C*-representation of C u 0 ( G) that is an isolated point in C u 0 ( G). (T6) C u 0 ( G) ∼ = B ⊕ M n (C) for some C*-algebra B and some n ∈ N 0 . A unitary representation of a locally compact quantum group is weakly mixing if it admits no nonzero admissible finite-dimensional subrepresentation (see [43] Given a second countable locally compact quantum group G and a Hilbert space H, denote the set of all unitary representations of G on H by Rep(G, H) and the set of all weakly mixing unitary representations of G on H by W (G, H).
